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Abstract. In this paper we consider a minimization problem for the functional 

J(u)= |Vti| 2 + \ 2 +X{u>a} + >?-X{u<o}, 
Jb+ 

in the upper half ball C R n ,n > 2 subject to a Lipschitz continuous Dirichlet data on dB^ . 
More precisely we assume that £ d{u > 0} and the derivative of the boundary data has a jump 



discontinuity. If € d({u > 0} n ) then (for n = 2 or n > 3 and one-phase case) we prove, among 
other things, that the free boundary d{u > 0} approaches the origin along one of the two possible 
planes given by 

7x1 = ±x 2 , 

where 7 is an explicit constant given by the boundary data and \± the constants seen in the definition 
of J(u). Moreover the speed of the approach to jxi = £2 is uniform. 



1. Introduction 
In this paper we consider the local minimizers of the functional 



J(u)= / \Vu\ 2 + A+X{«>o} + ^-X{u<o}, 

JB+ 



where Bf C K n ,n > 2, is the upper half of the open unit ball, \D is the characteristic function 
of D C M n , X± are given positive constants and u = / on dBf with Lipschitz continuous /. The 
local regularity of the minimizers u and the free boundary d{u > 0} were studied in |AC] and jACFj . 
notably it was shown that u is locally Lipschitz continuous. 

The boundary regularity of u with smooth boundary data / such that ~ o(|x|) near the origin 

was considered in |KKSj where, assuming the origin is a contact point, the authors have proved that 
close to the origin, the free boundary approaches the plane {x± = 0} in a tangential fashion. 
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2 A. L. KARAKHANYAN AND H. SHAHGHOLIAN 

The objective of this paper is to consider boundary data that gives rise to non-tangential touch 
between the free and the fixed boundaries. Such problems appear naturally in the mathematical 
formulation of the so-called Dam problem for the water reservoirs (see |AG] ) . Other problems of this 
kind emerge in wake and cavity formations in stationary Eulerian flows moving through cylindrical 
domains (sec [BZJ Chapters 1.9 and 9.5 for more applications). 

Since the formulation of our main results requires some technical definitions, we refrain ourselves 
of giving an exact account of our main results here. However, in lay terms, one can say that our main 
result in this paper states that for a boundary data such as a+x^ — a-X^ , the free boundary T(u) 
approaches the fixed one along one of the planes 7x1 = ±X2, where 




This we only prove for n = 2 or n > 3 and one-phase case. The difficulty for two-phase in higher 
dimensions comes from the classification of global homogeneous solutions, that is not feasible by our 
technique. 
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1.1. Plan of the paper. The plan of this paper is as follows. In this introductory part we give the 
necessary notations and definitions to formulate the problem. Section 2 contains a heuristic discussion 
of the optimal regularity of solutions. The key point is the uniform linear growth of minimizers at the 
origin. We formulate the main results of this paper in Section 3. To deal with the boundary behavior 
of minimizers one needs to obtain up-to boundary uniform continuity near contact points. The proof 
of this result as well as a basic compactness theorem for blow up sequences is contained in Section 
4 and Appendix. Section 5 takes care of the optimal regularity of minimizers to our functional. In 
Sections 6-8 we show that homogeneous global solutions in one phase case are two-dimensional, and 
hence independent of X3, X4, . . . , x n . A stability result is given in Section 9. In fact Section 9 contains 
the proof of the main result of this paper, describing how the free boundary behaves close to the 
origin. Finally in Section 10 we give an example of a non-homogeneous global solution. 



1.2. Notations. We will use the following notations throughout the paper. 

Co, C n , . . . generic constants, 

Xd the characteristic function of the set D C M n , n > 2, 

D the closure of D, 

dD the boundary of a set D , 

X : X X — (^1, • • • , 2?n), X — (0, X2i * * * , X n ), 

K£,R^ {x E R n : xi> 0}; {x G W 1 : x x < 0} , 

II {1 £ i" : x\ = 0}, 

B r (x), B+(x) {y G W 1 : \y - x\ < r}, B r (x) n W+ , 

B r , B+ B r (0), B+(0), 

B' r B r n n, 

S+ dB r nR%, 



A±, A A + , A_ are positive numbers and A = A+ — A_ 7^ 

T u ,T(u) d{u > 0}; the free boundary of u, 

n + ( u ), n~(u) n + (u) = {x ■. u(x) > o}, n + (u) = {x ■. u (x) < o}, 

Ks(xo) the open cone K$ = {x £ : \x — x'\ > 5\x — xo\} 

K$ the open cone Kg = {x £ M™ : x\ > 5\x'\}, 

V r , Voo , nVoc , V' r see Definitions [Ql [131 and [TU1 

v + = max(f , 0) and v ~ = max(— v, 0). Thus v = v + - 
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1.3. Problem set-up. Throughout this paper we assume 



(1.1) f(x) = a + X2 — ct-x 2 + g(x) 



where a+, a_ are nonnegative constants such that a + + a_ > 0, and g{x) G C 1,a (Bf), g(x) = o(\x\). 
Typically g(x) = C\x\ 1+K for positive constants C and k. 

For a fixed domain D C Wl we put 

J(u,D)= / |V«| 2 + A^X{ u >o} + ^-X{«<o}- 
Jd 

When it is clear for which D the functional J is considered, we just write it as J(u) omitting the 
explicit dependence on D. The case D = B^ , R > is of particular interest. 

Definition 1.1. Let K.f{D) = {w : w G H 1 (D), w — f G Hq (D)} be the class of admissible functions. 

• A function u is said to be a local minimizer of J(u,D) if for any function v G ICf(D) such 
that u = v on dD' , for D' C D, it follows that 

J{u) < J(v). 

• The class of local minimizer s is denoted by V(D, n, A±, a±, g). 

Remark 1.2. For D = we denote the corresponding class by V r (n,\±,a±,g). We also set 
V r (n,\±,a±) = V r (n,\±,a±,Q). It is worthwhile to point out that if u G V r (Ti, A±, a±, g) then 
u r (x) = £ Vi(n, X±,a±, 9<yT ^ ) by the scale invariance of J(u, B+) . 

If D is a bounded domain then, it follows from the definition of J(u,D), that 

(1.2) J(u,D) = X 2 _\D\+ f |Vn| 2 + A X{u>0} , 

Jd 

where A = A^_ — A 2 . > 0. In what follows we take 
(1.3) 



J(u,D)= \Vu\ 2 + Ax{„>o}- 
Jd 



Next we introduce a particular class of local minimizers u, such that the free boundary d{u > 0} 
satisfies the 5— thickness assumption. 

Definition 1.3. Let u G V r (n, X±,a±, g). 
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1° We say that the free boundary T u is 5— thick at xq £ B' r n T u if there exists a 5 > such that 

(1.4) (B+(x )\B;(x ))nd{u>0}nK s (x ) 7^0, Vp€(0,r), 

w/iere ifa(xo) = {x £ : xi > <5|x' - x' |}. 
2° T/ie cZass o/ a// local minimizers in B^(xo) with 5-thick free boundary is denoted by V r (xo, n, A±, a±, 
When xq = and R = 1 we often omit the dependence ofV r from xo and write V\{n, \±,at±,g, 5) 
for brevity. 

One can interpret the condition (jl.4p geometrically as follows: There is a free boundary point at 
each intersection of the cone Ks(xq) with i^(xo) \ B^(xq) and hence the free boundary does not fall 
down too quickly towards the plane x\ = as r — > 0. The next section contains more discussion on 
5— thickness as a necessary condition for linear growth. 

Remark 1.4. The 8— thickness assumption can be weakened as follows. Let r > 0, z £ d{u > 0} is 
a non-isolated point of the free boundary and assume that there is a point x £ (B2 r (z) \ B r {z)) n K$ 
such that 

(1.5) \u(x)\ < Cr 

for some fixed constants 5, C independent from r. Then one can prove that u grows linearly from the 
origin. It should be noted here that the weak thickness assumption is always true for the solutions to 
one phase problem, see 115. 9\) . 



1.4. Blow-up limits and Global Solutions. Let Uj £ V\(n,\±,a±,g), j = 1,2,... and xo be a 
contact point, i.e. xo £ T Uj n B[. Typically xo = 0. For rj > we introduce the blow-up sequence of 
functions at Xo 

ft a\ ( \ Ujixo + rjx) 

(1.6) v j\ x > — — i r j -l as J - > °°- 

r j 

If the sequence Vj is bounded in a suitable space then sending rj to we obtain a so called blow-up 
limit uq. One of our main objectives in this paper is to classify the blow-up limits of the sequence Vj 
in (|1.6p as j tends to infinity. It is worth to point out that, in general, the blow-up limit depends on 
the sequence Thus in general the blow up limit no is not unique. Hence it is natural to ask 

how many blow up limits would exist? To answer this question we employ the monotonicity formula 
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(|4.10p and show that the blowup at the contact points is only one of the functions fj3.3j) (see sections 
PI and HUD. 

The classification of all possible blow-up limits uq is based on geometric properties that these 
functions share notably the linear growth and the homogeneity. 

Definition 1.5. Let u be a local minimizer in Wf. 

1° We say that u is a global solution if u G Voo, where 

Voa{C) = P| [u G V r (n, \±, a±) : u(0, x') = a+x^ — a^x^ , \u(x)\ < C{x\ + l^l)} 

r>0 

for some positive constant C and V r (n, \±, a±) = V r (n, X±, a±, 0). 
2° The class of all homogeneous global solutions is denoted by 

UVooiC) ={«£ Vqo : u(tx) = tu(x),\ft > 0} . 

This definition requires some explanation. First we note that any blow-up limit of linearly growing 
u is a global solution. Moreover it follows from the monotonicity theorem in Section \4. 31 that the blow- 
up uq G T-LVoq. The linear growth constant C appearing in the definition must be consistent with the 
constants a± that determine the boundary date. Clearly we must have C > max(a + ,a_) otherwise 
at least one of a± must be zero. A posteriori TiVoo contains only two functions, by Theorem C (|3.3p . 

A 2 —A 2 

linking C with constants A± too. In fact if a t _ a i — 1 < then HVoo is empty. Therefore whenever 

constant C is chosen large enough and ^ 1 > the resulted class of global homogeneous 

solutions is determined uniquely. 

Finally we define the extreme global solutions and stability in order to classify the global solutions. 
Definition 1.6. 

1° u G V r {n,\±,ct±,g) is said to be the smallest (resp. largest) global solution if for any v G 

V r (n, X±, a±, g) we have u<v (resp. u>v). 
2° The class of all local minimizers that after blow-up coincide with the smallest homogeneous 

global solution vs 

(1.7) V' T = <yU G V r {n, X±, a±, g) : lirn^ — = vs(x), for some sequence rjj . 

If u G V' r then we say that u is stable. 
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2. Linear Growth: A Heuristic Discussion 

In analyzing the behavior of the free boundary one needs, in general, to start with the growth 
rate of the solution at free boundary points. Lipschitz regularity, up to the boundary, would be the 
most desirable property for minimizers of our functional. This property, or at least the linear growth 
property at the origin, is indispensable for the rest of the theory to follow. 

In general, one cannot expect this property to hold, and one is forced to impose conditions to assure 
this. Indeed, a harmonic function in B± with merely Lipschitz data on {xi = 0} is not Lipschitz. In 
such cases the extra logarithmic term enters into the game, and the solution will belong merely to the 
little-o Zygmund class 

\u(x)\ < C\x\ log \x\ _1 . 

In one phase case it is possible to obtain linear growth from the origin, provided the origin is a non- 
isolated free boundary point. In other words if there is a sequence of free boundary points in {x\ > 0} 
approaching the origin, then we expect linear growth for the solutions. We will state and give a proof 
of this below. A similar result of this type was proven in |AG| . Observe that if, even in the one phase 
case, we chose the boundary data large enough, e.g. c? + > A, then one may show that the function 
u minimizing J is harmonic in the upper half ball, see Section 17.11 Thus, a harmonic function with 
Lipschitz data can impossibly be Lipschitz up to the boundary. 

For the two phase problem the analysis becomes much more complicated, and we could not find 
any complete theory. Since the Dirichlet data has two signs close to the origin 

f(x) « a+Xy — 01-X2 , 

the free boundary d{u > 0} is always presented in the upper half ball. The problem is that it might 
approach the fixed boundary {x\ = 0} tangentially, and give rise to a non-lipschitz behavior of the 
solution. (This argument does not apply to the one-phase case.) The reader may verify that if the free 
boundary approaches tangentially to the fixed boundary and at the same time the solution is Lipschitz 
then a blow up limit would result in the fact that one of the phases vanishes but the boundary data 
is a two-phase data, hence a contradiction would arise. In particular this suggests that for the two 
phase problem, a natural condition to impose is that the free boundary does not touch the fixed one 
in a tangential fashion. 

It is also not too hard to prove that there are certain Lipschitz boundary data, for which the 
solution is not Lipschitz and touches the fixed boundary tangentially. For the proof we would need 
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a classification of homogeneous global solution (as in Theorem C). Suppose n = 2, then the proof of 
Theorem C is more or less elementary in this case (see the proof). If we accept this result, for the 
moment, we see that for a := a+ = a_, and A > one may conclude that the solution cannot be 
Lipschitz. Otherwise, if this was the case, then a blow-up of the solution would result in a global 
solution, with linear growth. Hence the classification theorem, Theorem C, would then suggest that 
the solution is u = ax2, but then the free boundary condition |Vii + | 2 — |Vii~| 2 = A > fails. 

From the representation (|3.3p . we also see that if a+ — a 2 _ > A, then again an up to the boundary 
Lipschitz continuous solution cannot exist. 

The question that remain is: What are the optimal conditions assuring a linear growth for the 
minimizers from the origin? We have answered this question in Theorems A and B, below under mild 
conditions. 

3. Main Results 

In this section we state the main results of this paper. To begin our analysis we need the optimal 
growth estimate for the local minimizers u near the the contact points. More precisely we have to 
show that any u € Vi(n, X±,a±, g) grows linearly away from z € d{u > 0}nII. Clearly we can assume 
that z = 0. 

Theorem A. Let u £ V\(n, A±, a±,g) and either of the following holds: 

1° u £ Vi(n, X±, a±, g, 5), i.e. the condition |i.^| ) (or its weaker form il.5\) ) is satisfied for some 

5 > and all r < 1, 
2° a_ = 0, g > and the origin is a non-isolated free boundary point. 

Then 

(3.1) \u(x)\<C\x\, xeBf, 

2 

where C depends on n, A±,a±,sup Bl \u\ and 5,g. 

As for part 2° of Theorem A, let us note that the weak 5— thickness assumption (|1.5p is always 
satisfied for one phase problem, see (|5.9p . 

Our next result is an improvement of Theorem A in the following sense: Let uq be a blow-up of u 
at the origin then |no(a;)| < C\x\ in ]R™ and uo(x) = a+x^ — a-x^ on IT. However these is not enough 
to conclude that uq E Voo since the estimate |ito(a;)| < C{x\ + \x2\) in the definition of Voo does not 
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follow immediately. Suppose Ti^(x) = x + Rei, i ^ 2 is the translation in direction by R G R. Then 
u o{Ti,r{x)) is also a minimizer, but possibly with different constant C in the linear growth estimate. 
Does the boundary data a + x^ — ct-X^ , depending only on X2, has any effect? Do we get the same 
growth for ito(Tj : #(x)? 

Theorem B. Let u £ Vi(n, X±, a±,g) and suppose that for any z £ d{u > 0} n -Bi the estimate 



holds with some constant C. Then for any blow up limit uq of u at the origin we have 

\uo(x)\ < C(x 1 + \x 2 \). 

In particular any blow up limit of u belongs to Voo(C). 

Theorem B is used to classify homogeneous global solutions by employing a customary dimension 
reduction argument. Notably we show that if u € TiVoo then u depends only on x\ and x 2 variables. 
Again we note that the growth estimate u{x) < \x — z\ is true for one phase case. As for the two phase 
case, one can prove that the uniform 5 or weak 6— thickness condition for each contact point z G Bi 

2 

will imply < C\x — z\ in view of Theorem A. 

To set forth the implications of Theorem B we return to the translated solution uo(Ti t n(x)),i > 3. 
For arbitrary R\ < R2 one can show that max(uo(T'j ) /j 1 (x)), UQ(Ti^ 2 )(x)) is a minimizer of J(u,Bi) 
with boundary values max(no(7i i /j 1 (x)), uo(Tj^ 2 )(x)) on dBf . Moreover by Theorem B the maximum 
of solutions has exactly the same linear growth as uq. Thus we can construct a translation invariant 
maximal global solution. Repeating this argument for all i > 3 we obtain a maximal global solution 
depending on x\ and x<i only. The minimal solution is constructed analogously. Writing Laplace 
operator in polar coordinates we get the classification of global homogeneous solutions. 

Theorem C. InM?, there are only two homogeneous global solutions: 

v L = a+(7Xi +x 2 ) + - a_(7Xi + x 2 )~ , 

{0.6) 

v s = a>+(— 7x1 + x 2 ) + - 7x1 + x 2 )~, 



2 



(3.2) 



u(x)\ < C\x — z 




This also holds in W 1 , for n > 2, and for one-phase case, with a_ = A_ = 0. 
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A obvious consequence of this theorem is that for any u G V r , the angle of the touch between the 
free and fixed boundaries is dictated by the behavior of vs or v^. 

From Theorem C one can deduce that the free boundary approaches to the origin along the plane 
{x G M. n : jx\ = x 2 }. The approach is uniform for the small solution, but in general not for the large 
one. For the precise formulation we introduce some notations: Let a be a modulus of continuity and 
consider 



K+ := I x : xi > 0, x 2 > 0, , x j, n < x\ < — ^-rv \ , 
(3 4) a I x ' z ' 7+°-(N) 1 7-<nW) J ' 

K a ■= {x:x!> 0,X 2 < 0, < X! < ^f^} , 

The free boundaries of maximal and minimal solutions are hyperplanes 

T(v s ) = {x G R n : x 2 = 7^1}, T(v L ) = {x£R n :x 2 = -7x1}. 

Theorem D. Let u £ V r (see Section ll.ty) , and v$,vl be defined by \3. Suppose further n = 2 or 
n > 2 and one-phase case. Then, close to the origin, T(u) tangentially touches one of the hyperplanes 
r(i>s) = {x E W 1 : x 2 = 7x1} orT(ui) = {x G M" - : X2 = —7x1}. More precisely there exists a modulus 
of continuity a{r) = a(u, r) and r G (0, 1) such that for any r G (0, vq) either 

T(u) C B+ f| Kt or T(u) C B+ f| if". 

If u touches the hyperplane T(vs) (i-e. u G i/teri cr(r) and ro are independent of u, and thus the 
neighborhood B ro is uniform. 

It follows from the definition of Voo, and by Theorem B, that for u G V r , the limit Uj(x) = 
u ^ r J x ^ , rj 4 is a global solution. Furthermore, from Weiss' formula |Wj . we have that the limit has 
to be a homogeneous function of degree one. Thus the blow up limits belong to T-LVoq. However the 
class of global solutions Voo may contain non- homogeneous solutions, as our last theorem shows. 

Theorem E. There exists a non-homogeneous global solution with boundary values a+x 2 . 

A consequence of Theorem E is a kind of instability of the angle of touch, which amounts to the fact 
that if a free boundary is asymptotically close to vs, then by slight perturbation of the boundary data 
the free boundary may come close to vl, asymptotically. This constitutes the idea in the construction 
of global non- homogeneous solutions in Theorem E. 
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Theorem E exhibits the structure of the class of global solutions, namely the fact that there exist 
non- homogeneous functions in 'Poo- This is due to the following: If uj G Vi(n, \±, then the blow-up 
sequence Vj = u ^^ x ^ converges to a global solution Voo G V — oo(n, A±, a±) where a± = lim^oo o4- 
But it does not necessarily imply that Vqq is homogeneous. If u = Uj and a± = a± then from Weiss 
monotonicity theorem it follows that Voo is homogeneous, see Section [4.3[ 

4. Technicalities 

In this section we gather a number of useful properties that all local minimizers share. Some of 
these properties are of local nature and some are true globally e.g. Holder continuity up to the fixed 
boundary. Although the boundary extensions follow from standard techniques we have supplied the 
proofs for the reader's convenience. 

4.1. Uniform Holder continuity for u£?i (n, X±,a±,g). We begin with recalling some well-known 
facts, which can be found can be found in |ACF] . 

Proposition 4.1. Let u be a local minimizer of J(u) in Bf and A = Ai. — A 2 > 0. Then 
1° u is a bounded subharmonic function in Bf, Theorem 2.3 |ACF| . 
2° u is harmonic in the interior of B^ \{u = 0}, Theorem 2.4 [ACFj . 
3° u + is non- degenerate, Corollary 3.2 [ACFj . 

4° if meas{u = 0} = then |Vu + | 2 — |Vu~| 2 = A across the free boundary T u in some weak 
sense, Theorem 2.4 [ACFj . 

The starting point in our study is the uniform Holder continuity of local minimizers. It will allow 
us to translate some of the well-known local properties of u into boundary case. 

Lemma 4.2. Let u G Vi(n, \±,a±,g). Then u is bounded in Bf. 

2 

Proof: By Proposition 14. 1 1 u is harmonic in {u ^ 0}, hence u + is subharmonic. Indeed, if x G Q + (u) 
then j B , j u + > u{x) for each r < r such that B ro (x) C Q + (u), otherwise f B ,k u + > = u + (x) for 
x Thus the mean value property is satisfied locally. Moreover by Theorem 2.1 [ACFj u is 

continuous in each subdomain D CC Bf. Thus u + is subharmonic. 

Let v be the harmonic lifting of u, i.e. Av = 0, v\ dB + = u + . From maximum principle u + < v and 
f B + \Vv\ 2 < f B+ |Vu + | 2 . In particular < C|l' u ll_f/ 1 (B + ) w ith some tame constant C. This 

yields that v G C 1 (i?^ t "). Hence u + is bounded. 

2 
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By a similar argument one can show that u is bounded, □ 
Next theorem is more general and can be applied to families of local minimizers. 
Proposition 4.3. Let u G'PR (n,\±,a±,g) and 

sup |u| + a + + a_ + A + ||/|| c o,i < M, 2R < R . 

B 2R 

Then there are positive constants (3 = (3(n,R,M) and C = C(n, R, M) such that u G C^(B R ) and 
W U \\cf i {B+) + W u Wm{B+) - c - 

Proof: Let w be the harmonic lifting of u in B^ R . Because u — w G H^B^r) then it follows 
/ |Vii| 2 - |Vu;| 2 = / \V(u-w)\ 2 + / 2Vw ■ V(it - w) = / |V(u-tt;)| 2 

Jb+ r Jb+ r Jb+ r Jb+ r 

Then from J(u, B^r) < J(w, B-^r) an< ^ *he ec l ua lity above we obtain 

(4-1) f \V(u-w)\ 2 = I \Vu\ 2 - \Vw\ 2 < [ A [x{«,>o} ~ X{«>o}] 

J B+ R J B tn •* B 2R 

< A| J Bi|(2 J R) n . 

Take n G C^(B 2 R),ri = 1 in B R , < t] < 1 and |Vr?| < g for some dimensional constant C. 
Obviously (w — f)n 2 G Hq^B^) can be used as a test function in the weak formulation of Aw = 

/ n 2 \Vw\ 2 = I Vw[Vfn 2 -2rjVr)(w- /)] . 

J B 2R J B 2R 

Applying Cauchy-Schwarz inequality and the estimate \Vn\ < % we obtain Caccioppolli's inequality 



(4.2) 



/ \Vw\ 2 < 8 


^ B 2R - 


Ib+ 





|v/| 2 + ^-/) 2 



<Ci 



where d = 4\B 2 \M 2 [(2R) n + 16C 2 (2R) n ~ 2 } . 

Since u — f = in B' 2R we can apply Poincare's inequality to conclude f B +{u — f) 2 < f B + \V(u- 
f)\ 2 depends on the dimension n and 'H n ~ 1 (B' R ) — the n — 1 dimensional Hausdorff measure of B R . 
Combining inequalities (|4.ip . (|4.2p and Poincare's inequality we get 

(4.3) f |Vu| 2 < 2 I f \Vw\ 2 + f \V(w-u)\ 2 \ 

B R V B R B R / 



2(C 1 +A\B 1 \(2R) n ) = Q 



2 
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thereby 

(4.4) I u 2 < 2 

Bi 



4 /2+2 4 ( "- /)!£2 ( a/2 ^" + ^4 iv( "- /)|2 ) 

< M 2 \ Bl \R n + ^(C 2 + M 2 ^R n ) = C 3 

implying that < VC2 + C3 = C4. 

As for Holder continuity let us note that in view of Theorem 7.19 of |GT] it is enough to show that 
for B+{z) C BJ R , z G B' R: r<|we have 

(4.5) f \Vu\ < Csr 71 - 1 ^. 

JB+(z) 

for some /3 > and C5 depending on M,n and -R. Indeed if z G 1?^ and |z — z'\ > \ we get that 
Bi(z) G fl^" and by local continuity Theorem 2.1 [ACFj ti is uniformly continuous with some (3 > 
depending only on ||tt||#i( B +), n and M. Whilst for r < ^ either \z — z'\ < r and £^"(2) C B^iz') or 
r < \z - z'\ < 5. 

First we deal with the case 2 G .B^ and B^ r {z) C -B^. Let i> be the harmonic lifting of u in B^ r (z), 
i.e. = in 5+ and v — u £ H^(B+(z)). Since J(u,B+) < J(v,B+) it follows that 

/ |Vn| 2 + Ax {u > 0} < / |Vv| 2 + Ax {l) >o}. 

Jb+(z) 

Thereby 

(4.6) / |Vu| 2 -|Vt;| 2 = f (Vu - Vv)(Vu + Vv) 

Jb+Jz) Jb+ 



\V(u-v)\ 2 



< / Ax{„>o} - Ax{„>o} 

JB+Jz) 



J 4r( Z ) 

< M\B A \r n . 



From triangle inequality we get 
(4.7) 



f |Vn| < f \V(u-v)\ + f \Vv\ 

JB+(z) JB+(z) JB+(z) 

< M\B A \r n + [ \Vv\, 

JB+(z) 
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where the last line follows from (|4.6p and Cauchy-Schwarz inequality. 

It remains to show that that there are constants /3 G (0, 1), Cq depending on M, R and n such that 



(4.8) / \Vv\ 2 < C 6 r r 

JB+(z) 

To see this take rj G C^°(i?4 r ) such that rj = 1 in B r , < rj < 1, |V?/| < C is a dimensional 
constant, then rj 2 (v — f) = on S-B^ and we have from the weak formulation of harmonicity of v 

/ Vu[2t/Vt/(u - /) + r/ 2 (V?; - V/)] = 0. 

Rearranging the terms and applying Holder inequality we get 

/ v 2 \Vv\ 2 = - Vvi][2Vr]{v - /) - rjVf] 
J B+ r Jb+ 

<e [ r] 2 \Vv\ 2 + -[ [2Vr/(v - /) - r/Vf} 2 . 
J Bt £ JB+ 

Choosing e suitably small and recalling that rj = 1 in B r we get the estimate 

(4.9) f \Vv\ 2 <-[ [2V V (v - f) - V Vf} 2 . 

Jb+ e Jb+ 

According to Lemma 1.2.4 in [K] v is Holder continuous with some exponent 7 = 7(71, M, R) G (0, 1), 
because \v\ < M, \\v\\hi(b+) — ^ + II' u IIh 1 (_b + )■ Thus the left hand side of (|4.9p can be estimated as 



At) \ At 

follows 



f [2Vri(v - f) - i]Vf] 2 < C 7 sup \v - f\r n ~ l + C 7 sup | V/|r n < C 8 r n ~ 1+7 

JB+ R+ R+ 



C 



where C% depends only on n,M,R and to get the first inequality we used the estimate |V?/| < 
Thus choosing /3 = the result follows. Notice that /3 depends only on n, M and it!. 

Finally it remains to show (|4.5|) for B+(z) with z G and r < \z — z'\ < |. Notice that (j4.7|) and 
(|4.9p still hold for this case. As for the estimate (|4.8p . it follows from Poisson representation and the 
bound M < M. □ 



Remark 4.4. One can apply Lemma [^T3| to a countable family of VrAu, A±, o?±, gj) as Rj — > 00. 
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4.2. Implications of linear growth. The standard regularity result for free boundary problems 
states that the free boundary is smooth away from an ineluctable singular set of smaller co-dimension. 
The genus of regular points is characterized by flatness. 

Mathematically the blow-up consists of scaling u in small balls centered on the free boundary: 
for u G Vi(n, \±, a±, g) with linear growth at the origin, the scaled functions Vj(x) = u< ^ r J x ^ are 
uniformly bounded as rj \ 0. Since /(0) = 0, one readily verifies that Vj G 'Pi/r, ( n > a ±i 9j)i 
where gj(x) = 9 { . Clearly Vj is defined in Bf and provides better picture of the free boundary 
at the origin. Thus by scaling we obtain a sequence of function Vj and a sequence of corresponding 
free boundaries Vj = T(vj). One expects that the convergence Vj — > vq implies Tj — > Tq = T(vq) 
in Hausdorff distance, which will follow immediately from a compactness of Vj in a suitable class of 
functions. For the reader's convenience we recall Theorem 3.1 from |KKS] . 

Proposition 4.5. ^[KKS] ) Let Vj be a blow up sequence ofiij, as in A1.6\) , with Uj G T , i(n,X±,a±,g) 
and xq = 0. Further assume that Uj have uniform linear growth. Then, after passing to a subsequence, 
there exists v G Voo so that 

1° Vj — > v uniformly on compact subsets o/M" and in C@(E), < j3 < 1, for each E CC , 

2° for each M, Vj v weakly in 

3° for each M, X {vj > 0} -)■ x{v > 0} in L l (B+), 

4° Vvj(x) — > Vf(x) for a.e. x, 

5° For each 5 > 0, E C B^, dist(E, H") > 6, < r < 5/4, for j large 

d{vj>0}nEcz [J B r (x), 

x£{v>0}(lE 5/2 

and 

d{v>0}HEc [J B r (x), 
xe{vj>o}r\E s/2 

where Eg/% is a 5 /2-neighborhood of E. 

4.3. Weiss' energy. It follows from |Wj that for any u G V r (n, \±, a±, 0) 

(4.0) W ( R, u, x ) . W(R) . ^ / |V»P + A X{ „ >0) - ^ | 
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is non-decreasing function of R, with xq G T(u),Bji(xq) C B+, and 

dW 1_ f / n\2 
~d~R ~RP J gs + V U ' U ~RJ ' 

W(i?, it, xo) is called Weiss' energy at xo- Notice that Vii • x — u = if and only if u is homogeneous 
functions of degree 1. 

Proposition 4.6. Lei u G Vi(n, X±, a±, g) and g = C|x| 1+K . If u has linear growth then W(R, u, 0) 
is non- decreasing function of R and 

dW If/ n\2 
llR-R™ J 9S + V U ' V ~ R/ ' 

In particular any blow-up limit of u at the origin is homogeneous function of degree one. 

Proof: If g ^ and u G V r {n, a±, X±,g) then some extra care is needed to prove the estimate from 
below for the derivative W'(R, u, 0). See Lemma lll.ll in Appendix for the proof. 

It remains to show that W(r, u, 0) is bounded when r tends to zero. If v is the harmonic lifting of u 
in Bf and u has linear growth at 0, i.e. sup B + \u\ < Cr, then by maximum principle sup B + \v\ < Cr. 
From Caccioppolli's inequality (|4.9p we have 



\Vv\ 2 < Cr n . 



Hence 



/ \Vu\ 2 <2 \Vv\ 2 + 2 \V(u-v) 

J B^ J B^ J B^ 



which, in view of (|4.6p . implies that W is bounded for small r, whenever u G Vi(n, X±, ot±,g) is linearly 
growing solution. □ 



5. Proof of Theorem A 

The proof of Theorem A consists of two parts. The first one deals with the two phase problem. Our 
method is based on dyadic scaling argument. If the statement of Theorem A fails then it allows us 
to construct a linearly growing, non-degenerate harmonic function vq in vanishing on dW+ and at 
some interior point of WL. The latter is due to 5— thickness condition. Thus, in view of the Liouville 
theorem, v$ is zero, which contradicts the non-degeneracy of vq. 
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5.1. Two-phase case. Set 

S(j, u) := sup |it|. 

B+ . 

It suffices to show 



(5.1) S(j + 1, u) < max 



d2T3 S(j,u) S(0,u) 



2 ' 2 ' " ' ' 2i +1 

for some positive constant c. Let us suppose that (|5. 1 j) is not true. Then there exists a sequence of 
minimizers it,- S V\(n, X±, a±,g) and a sequence of integers fc,- so that 

/ ^ , . fi2~ fc J S(kj,Uj) S(kj -m,Uj) S(0,Uj) 

(5.2) g( fcj . + i >u .)> max |:L_ -i^Z,..., ^ ^ , . . . , 

Observe that from Lemma 14.21 |tt,-| < M hence fcj — > oo. Put 

Vj[x) ~ s(k j + i, Uj y 

We wish to show that (15. 2D implies uniform up-to-boundary estimates for the sequence Vj. In fact 
there are positive constants a and C depending on R but independent of j such that the following 
estimates hold 



(5.3) || 

V j\\c a {B+) < C(R), 

(5.4) \\ V] \\ h1{b+r) <C{R). 
For brevity we denote 



2~kj 

(5.5) tj = S ( k . + 1 u .y fj( x ) = ej(<x+*t ~ <*- x 2) + 9j{x), 



where gj(x) = M ) ■ Recall that by (15. 2\ 

, . 2~ k i 1 

(5 - 6) f) = %rw-r° 

thereby fj — > when j — > oo, for g(x) = o(|x|). 
Consider the scaled functional 

(5.7) Jj(v, B+) = [ \Vv\ 2 + e)K X{v>0} . 

JBt 
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If Uj G V\(n, \±,a±,g) then Vj G 7-**^ (n, eja±, 
calculation we have 



^±i9j) provided R < 2 k K Indeed by a simple 



= [ \V Vj 
Jb+ 




ep^ n J( Uj ,B 



R/2 k i 



+ 



)• 



Furthermore for fixed R = 2 m we infer from ()5.2[) that 



• sup \vj\ = 1, 



• sup lu.-l < C2"\ R = 2 m < 2 k , m is fixed. 

R+ 
- D 2 rn 



Now we can apply Proposition 14.31 with sup \vj\ + + ct- + A+ + A_) + H/jHc ' 1 — M with 



M = 2 m+1 and the estimates (JOJ) and (JOJ) follow. 

Thereby we can extract a subsequence Vj k which converges to some function vq such that the 
following holds: for any fixed R > 



(i) Vj fe -> u in Ci 3 {B+), v jk ^ v weakly in Hl 0C (Wl), 

(ii) sup |«o| — 1) (a;) = 0, x G II by C@ regularity, 

B t/2 

(Hi) Avo = in x\ > 0, 
(w) «o has linear growth, 

(v) Vo(yo) = for some interior point yo (by (|1.4j) ). 



Once all claims in (|5.8p are proven we may use Liouville's theorem for harmonic functions in R" 
(utilizing (hi) and (iv)) to conclude vq(x) = ax\ for some constant a / 0. But then (ii), (v) and (vi) 
are in direct contradiction, and hence our supposition (|5.2p is false. 

Now we proceed by proving (|5.8p . The first claim follows from standard compactness arguments. 
The second one follows from ()5.5[) and the convergence of the traces of Vj in view of Holder continuity. 

Let us prove the third claim. Let D C B~^ be a domain and R > is fixed. Then vj G 
V 2 kj (n, €ja±,6j\±,gj) for the scaled functional Jj, defined by ()5.7|) . Observe that for each tp G Cq°(Z?) 




as 
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By (|5.3p and f|5.4[) . vq exists and f D |Vt>o| 2 < liminf f D \ Vvj k \ 2 . According to (|5.5p /o = vq = on 
II = {x:xi=0}, where /o = lim /,■ uniformly. 
Now let us take ip G Hq(D), then 

Jj{vj,D) < Jjivj +tp,D) 

or equivalently 

/ ejAx{«,>o}< / -2Vv i VV' + |V?/;| 2 + e J 2 Ax { .. + ^ > o}. 

Thereby sending jf. to oo and utilizing the weak convergence of gradients Vvj k Vi>o in L 2 (B^), we 
conclude 

< / -2Vu VV> + |W>| 2 
and upon adding J - ^ |Vvo| 2 to both sides we infer 

/ |V Vo | 2 < / \V(v -^)\ 2 . 

J D J D 

Since C^°(D) is dense in Hq(D) we conclude the proof of the third claim in ()5.8|) . 

The fourth claim follows from (|5.2p as indicated above. Hence it remains to prove the fifth claim. 



< < 1. 



By our assumption (jl.4p (resp. (|1.5j) ) there exists Xj G ^-fcj ^ ^ sucn that Uj(xj) = (resp. 
1^(^)1 < Thereby 

1 Ice 

If we set ?/j = -^r, then one can easily verified that yj G (B\ \ Bi/ 2 ) D A'5 and yj — >■ yo 5 for some 
yo £ (-^i \ ^1/2) ^ ^>5- Clearly uo(yo) = by (|5.5p and Holder continuity. 
Now the proof of (|3.ip for two phase case is complete. 

5.2. One-phase case. To prove (|3.ip in Theorem A 2°, we need to work out the condition (v) in 
(|5.8|) . because the others follow as above. For two-phase case, (v) was justified by assumption (|1.4|) 
whilst for one-phase case, (jl.4|) is replaced by the condition that the origin is a non-isolated free 
boundary point. Indeed, this would be enough to force through a similar condition as that in (v) of 
(15. 8p . However, the analysis is slightly more delicate and needs care. 

Suppose for a sequence kj f 00 we have {u = 0} n (B Pk \ B Pk +1 ) n K$ 7^ 0, where p^. = -jq. We 
roll B d] {^f) with dj = jPkj, over dB Pk +1 keeping it within B Pk \ B Pk +1 until it touches the free 
boundary T(u) for the first time. Let Bd {z) be the ball touching the free boundary at zq. Clearly u 
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Figure 1. 5-thickness for one-phase problem. 



is positive and harmonic inside B^.^z) and attains its minimum at zq, therefore we can apply Lemma 
11.19 from [CSj to get the estimate 



(5.9) u(z) < CdAzo) 

ov 

where v is the inner normal to B^,(z) at zq. Then by Theorem 6.3 in |ACj we have |Vu(^o)| < A+, 

CqCX 

which in conjunction with Harnack's inequality implies sup u < Cqu(z) < C^CX+dj = pj... 

B di (z) 4 



Hence 



j 



(5.10) sup u< p k . 

B dj (z) 4 
T 

For scaled functions Vj(x) = s ^ k + \ u it follows from (|5,10p . that there exists a ball Bi(yo) C 
B^ \ By 2 such that 

Pkj 



sup Vj < C -—- ' \ r = Cej -> 

by (|5.6p which gives (v) in (|5.8|) for one phase case. 

The proofs of the remaining claims of (|5.8p are the same as for the two-phase case and one will have 
the final contradictory conclusion. □ 
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6. Proof of Theorem B 

It follows from the proof of Theorem A 2°, that u > grows linearly away from the origin, provided 
the origin is a non-isolated free boundary point. We can replace the origin by any non-isolated free 
boundary point z near the origin and apply the same argument to show that for u G Vi(n, X±, a±,g) 
there exists a tame constant C such that the growth estimate 

(6.1) < \u(x)\ < C\x - z\ 

holds for any z G B' r D d£l + (u) for some r > 0. 

In order to conclude (|6.1|) for the two phase solutions we further require the 5— thickness to be 
satisfied in some neighborhood of the origin. Notice that in the two phase case, by the Holder 
continuity of u, the origin is automatically a non-isolated free boundary point. 

Our goal is to prove that the free boundary T u remains within a cone C$ = {x : x\ > c5o|x2 1} in some 
neighborhood of the origin. This will be enough to prove Theorem B, because for the free boundary 
of the blow-up it implies r(«o) C Cg . Thus the uniform 5— thickness condition will be satisfied for uo, 
with 5q = 5 and the result will follow from Theorem A via a standard scaling argument. 

Lemma 6.1. Let u G Vi(n,X±,ct±,g). If the thickness assumption is satisfied for any free 

boundary point xq G B\ then there exists a tame constant 5o such that 

2 

(6.2) ^~- <5 °' yzeY u r\B+ 2 . 

In particular for any blow-up limit uq the inclusion F(uq) C Cg is true. 

Proof: It follows from the uniform 5— thickness condition and the discussion above that (|6.1|) is 
true. Suppose (|6.2p fails, then there exists a sequence z k G B^ 2 n T(uk) of free boundary points of 
Uk G Vi(n, X±,a±,g), such that 

\z\ | > kz\, k > k , 

for sufficiently large k^ G N. Setting dk = z\, fo(%) = a+x^" — a-X 2 we have 

, , a+l-^l if zk > 

141 > t>d k , \fo( P k )\ = I +l 2 J I 

I a~\z%\ if 02 < 

where p k is the projection of z k onto II. In any case we get that \f{p k )\ > fcmin(a+, a~)dk- Put 
r k = \z k — £, k \, where £ k = (0, 0, z k , . . . , z k ) is the projection of z k onto II n {x2 = 0}. Then from 
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Figure 2. The cone Cs . 
triangle inequality r k = \z k — > \z%\ — z\ > (k — l)d k implying ^ < j^i- In particular 
(6.3) 1 > \yl\ = M > i _ ^ > i 



r k r k k — 1 

Now introduce the scaled functions 

/ \ u k {^ k + r k y) , 

Vk{y) = , y g Bj . 

r k 

The points y k = are on the half sphere Sf and from (16.3ft we get 

r k 

k _ dk J_ 
Vl ~ r k < k-r 

From (|6.1|) we have < C\x — £ |, since £ fe G B\ nr(u t ). Therefore it follows that \v k (y)\ < 

2 

C\y\, with constant C independent of k. Furthermore v k is a local minimizer of J(-,B 2 ) because 



f \Vv k \ 2 + Axk>o} = ^ [ |Vn| 2 + A X{u; 

JB+ r k JB rk 



i>0}- 

Thus v k G V%{n, A±, a±, g k ) where g k {x) = g ^ ^ k ' kV ^ and limg k = uniformly. 



By Proposition dJ3] it follows, that v k is bounded in C"(B^ 2 )nH 1 (B^ 2 ) for some positive (3 G (0, 1). 



Then for a subsequence kj, v kj — > vq in C^(B^ 2 ), Vu^ — 1 Vt>o weakly in L 2 (B^ 2 ) an d — ► y°, 

where y° is a free boundary point. From (16. 3ft \yk\ = J— ^ — > 1 and y G St. But then y? = 0, \y 2 \ = 1 
and this contradicts to fo(y°) = a± ^ 0. □ 

Let v(x) = "°(£+- Ra: ) then (|6.2p translates to the free boundary of the blow-up function uq implying 
that r(«o) G Cs Q - Hence we have uniform 5— thickness condition for each z G r(tio)nn. From Theorem 
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A we have \v (x)\ < C\x\. Returning to u we conclude \u(x)\ < C\z — £| < C{x\ + \x2\) and this finishes 
the proof of Theorem B. 

7. Largest and Smallest global solutions 

Before embarking into the details we briefly go over the main steps of the proof. First we notice 
that the global solutions enjoy ordering. This implies that there are smallest and largest global 
homogeneous solutions which we denote respectively by v$ and vl. It follows from the scale and 
translation invariance that vs and vl depend only on x\ and x<i. Hence we can explicitly compute 
them. Moreover vs has larger 14^-energy implying that the free boundary of any global homogeneous 
solution, distinct from vj_, and vs, cannot touch r„ s or T VL tangentially. 

Thus if there is third global homogeneous solution u then we can construct a new one which 
is symmetric in X3, X4, . . . , x n variables and neither of the functions vs,vl coincides with it. Thus 
without loss of generality we may assume that u is symmetric in X3, x±, . . . , x n variables. Then a 
dimension reduction argument will finish the proof since the only 2D solutions are v$ and vl. 

7.1. Largest and smallest solutions in Poo- We recall (|1.3p 

J(u,B+) = / |Vu| 2 + Ax {u >o}- 
Jb+ 

Let v\,V2 be two minimizers of J(u,B~^) and v\ < V2 (resp. v\ > V2) on dB^. Then it is easy to see 
that max(fi, t^) (resp. (min^i, V2)) is a minimizer of J(u,B^) with boundary values V2 (resp. v±). 
Indeed testing max(ui,U2) against V2 in B^ and min(ui,U2) against v\ we get 

(7.1) J(v 2 ,B+) < J(max(«i > «2),B+) > 

J(vi,B+) < J(mm(v 1 ,v 2 ),B+). 

Clearly 

J(max(v 1 ,v 2 ),B+) = / \V Vl \ 2 + Ax{vi > 0} + \Vv 2 \ 2 + Ax{v2 > 0} 

JB+n{v 1 >v 2 } ^s^n{Di<D 2 } 

J(mm(v 1 ,v 2 ),B+) = / | X7v 2 \ 2 + A X {v 2 > 0} + / \V Vl \ 2 + A X {vi > 0} 

i4n{»i>»2} i5+n{«i<B 2 } 

which gives 

(7.2) J(max( Wl ,v 2 ),B+) + J(mm{ Vl ,v 2 ), B+) = J(v u B+) + J(v 2 , B+). 
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Hence (|7.ip in conjunction with (|7.2p implies 

J( v 1, B r) = J(ram(vi,v 2 ),B^), 
J{v 2l B^) = J(max(v 1 ,v 2 ),B^). 

Upon applying this observation to finite number of minimizers we obtain 

Lemma 7.1. If v\, . . . ,vjy ire minimizers on and v i < v 2 < • • • < v^ on dB^ (resp. vi > 
V2 > . . . > Vn J then vf; = max(t>i, . . . , vn) (resp. Vg = min(vi, . . . , vn) ) is a minimizer of J R with 
boundary values vn on dB^ . 

Employing a compactness argument it follows that there exists a largest and a smallest minimizer 
denoted respectively by v R and Vg . 

By definition, for any u G Vr(u, X±, ot±) n Poo we have 

v§(x) < u(x) < (x), x G £+. 

Moreover by Definition II. 5| Vg and have uniform linear growth, i.e. \vg\, \v^ \ < C(x± + |x2|) for 
some tame constant C independent of R. Sending R — > oo and utilizing the linear growth Proposition 
14.31 we infer that v R — > vl uniformly and weakly in H^ oc . Furthermore vl G Poo- 
Indeed let 93 G Cq°(-B+), p is fixed and p < R then v R is a minimizer and we have 

J(«f , B+) < J(y? + <p, B+), V5; C R%. 

More explicitly it can be rewritten as f B + ^X{ v R>o} < fs+ 2Vt>£ ' + l^^l 2 + ^X{ v ^ +<^>o}- 
By a customary compactness argument and weak convergence of gradients we get 

J(vl, B;) < J(v L + <p, B+), G C?{B+). 

The same argument leads to the existence of ^5— the smallest global homogeneous solution. Thus 

V S < U < VL, Vti G Poo- 

Since the class Poo is scale and e% , . . . , e n translation invariant it follows that vs,vl are homogeneous 
and depend only on x\ and x 2 variables. 
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Now let us explicitly compute vj_, and vs- For this we write the Laplacian in in polar coordinates 



1 

Aro = - 

r 



d(rw r ) d (Wy 



\[g{p)+g"W)\ 



dr dp V r 

where w = rg(p). Recall that vs,vl are harmonic outside of the zero set by Proposition 14.11 This 
implies that g is a linear combination of simp and cos p. Therefore the largest and smallest solutions 
are linear combinations of x\ and X2- 

Assume that 

v + = ax\ + bx2, in £l + (v), v~ = Ax\ + Bx2-, in £l~(y), 

where v + and v~ are respectively the positive and negative parts of v and a, b, A, B are constants to 
be determined. The boundary condition v = a+x^ — a^x^ on II implies b = a+, B = a—. 

Let us assume that the free boundary T(v) is given by 

x\ = X2 tan0. 

Both v + and v~ must vanish on T(v). Hence 

= ax\ + bx2 = ax2tan# + a+X2 = X2(atan0 + a + ) 
a , 

and we easily find that a = = — a+ cot 9. Similarly 

tan 6 

, a_ 

A = = — a_ cot 0. 

tan 8 

Summarizing we have 

v + = a + (— x\ cot 6 + X2), v~ = a-(—x\ cot 6 + x%)- 

Note that cot 9 takes only two values, positive and negative, corresponding respectively to large and 
small solutions. To evaluate cot 9 we need to use the gradient jump condition |Vf + | 2 — |Vf~| 2 = A, 
which is now satisfied in classical sense, see Proposition 14.11 Substitution of v into this identity gives 

a\{l + cot 2 9) - a 2 (1 + cot 2 9) = A 

or equivalently 



cot 9 = ±4 / 7> — 1. 

\/ a± — ar_ 
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Note that if A < a+ — a 2 _ then there is no free boundary. Summarizing we get that 

(7.3) vl = a + (jx 1 + x 2 ) + - a_(7Xi + x 2 )~ , 

v s = a + (-jxx + x 2 ) + - a_ (-7x1 + x 2 )~, 



A 



ai — a 2 _ 



The above discussion is summarized in the following proposition. 

Proposition 7.2. The largest and smallest solutions vl,vs are given by (73p and these are the only 
two dimensional homogeneous global solutions. 

7.2. Comparison of H^-energy. The aim of this section is to show that vs has bigger W-energy 
than vl- For all values of a± for which vs 7^ vl we have 

(7.4) W(l,v s ,0)>W(l,v L ,0), 

As a consequence we get that the largest solution is stable in the following sense: 

Proposition 7.3. Let u £ "Pi(n, A-t, a±, g) and suppose there is Ro £ (0,1) such that W(Rq,u,0) < 
W( 1,^5,0) then any blow-up limit uq of u coincides with vl- 

Proof: To check this we recall the monotonicity of W, to infer that W(0 + ,u,0) = W(1,uq,0) < 
W(l, vs, 0), which in view of Theorem C and W(l, vs, 0) > W(l, vl, 0) implies that uo = vl- 

Now it remains to show (|7.4p . If v is a homogeneous solution, then W is constant hence it suffices 
to compute W(l, -,0). By Green's formula 

I iv,i 2 =/ v B l- 

Jb+ JdB+ ov 

We can easily compute 

W(l,v)=[ f A X {v>0}- [ v 2 



[ f A x {v > 0} - f 

JdB+ dv J B + Js+ 

[ v^- + f A X {v > 0}, 
Jb[ ov J b + 



where the last equality follows from v(x) = x ■ Vv(x) on Sf = dBf n WL. In particular one can take 
v to be vl or vs- 
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Now let 9 £ (0,7r/2) be determined from 



27 



cot (9 



A 



ah — a 2 



1. 



Utilizing the explicit form of v s one can readily verify that 



f A X {vs > 0} = f [ A X {v s >0} = - [ A X {v s > 0} 
Jb+ Jo Js+ n Js+ 



AO 
2^ 



-0J r , 



where oj n is the volume of n-dimensional unit ball. Similarly 



a r m A(7r - 6) 
A*K > 0} = -A- >-u n . 

B+ 27r 



Next we notice that 9v - dv 



Th> ~ ^dxi' on ^l' therefore we have 
dv s 



V S a 



a + x 2 {-'ja + ) - / a_x 2 (-7a_) 
~B[n{x 2 >o} JB[n{x 2 <0} 

7"+ / x 2 + 7 q2 - / ^2 

«/Bin{x2>o} ^s^n{x 2 <o} 



7(a + - a_) / 

iB' 1 n{x 2 >o} 

W n ~2 / 2 



n 



7(a+ - 



where 7 = cot 



"2 ~ 



1. Hence 



W(l, v s , 0) = 7(0+ - at) h A—— 



and similarly one can see that 

W(l,v L ,0) = - 7 ( 
Summarizing we have that 



2^n-2 . .(ir — 0)u) n 



n 



2vr 



vs, 0) - W(l, v L , 0) = A 



W n -2 



— a 2 . (20 — 7rl ?iw. 
27^—; h 



A 



27T W„_2 



Using the explicit computation for u n we we obtain 



OJr, 



n- 



2vr. 
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Finally we observe that sin 2 9 



a 2 , — a 2 



A 



hence 



Therefore 



a 2 , — a 2 _ (29 — ir) nuj n 

27 ; h 



A 



2tt u. 



li- 



ce 2 , - a 2 _ 



n-2 



A 



+ (29 - tt) 



7T , 



cot 9 sin 2 9 - (9 - ^) 



sin(26>) - 29 + ir 



> . 



W(l,v s ,0) > W(l,v L ,0) 



and equality holds if and only if 9 = ir/2. 



□ 



8. Proof of Theorem C 

8.1. Free boundary as generalized minimal surface. The aim of this section is to classify ho- 
mogeneous global solutions. For n = 2 this was done in Proposition 17.21 Therefore from now on we 
shall assume n > 2, a_ = A_ = (i.e. the one phase case). Notice that the condition A_ = can be 
dropped due to the formulas (|1.2|) and (|1.3|) . We recall that if u is a global solution, and hence local 
minimizer, of J for one phase problem then 

(8.1) sup \Vu\ 2 <A + C(x )r a 

B r (x ) 

for any xq S T(u), B t (xq) C W\. and C(xq) depends on dist(xo,n), see Theorem 6.3 [AC] . As a result 
we obtain that for any free boundary point xq the estimate holds 

(8.2) limsup |Vu(x)| 2 < A. 

X—-XQ 

Our first task is to show that the estimate (j8.2[) holds in supp-u. 

Lemma 8.1. Let u be a global homogeneous solution. Then for z° G F U {x± = 0, X2 > 0} 

|Vn(z°)| 2 < A. 
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Proof. To see this let zq G II and u(z°) > 0. Then there is r > such that u G C 1 (-B^(z )). Thus the 
tangential derivatives are controlled by a+ < A. As for the normal derivative we notice that from the 
definition of vs and vl we have that (since a_ = 0) 

\Vv s \ = \Vv L \ = VX. 

But vs < u < vl and vs = u = vl on II, hence it is enough to estimate the x\— derivative. Indeed, 
from the estimate vs < u < vl and vs(z°) = vl(z°) = u(z ) we get 

dv s (z°) du(z°) < dv L (z°) 
dx\ ~ dx\ ~ dx\ 

Therefore \Vu{z°)\ 2 < A. 

It is also apparent by the free boundary condition (|8.1|) that |Vu| 2 < A on the free boundary. □ 

Lemma 8.2. Let u be a global homogeneous solution. Then 
1° the following estimate is true 

(8.3) sup \Vu(x)\ 2 < A. 

xeM^n{«>o} 

2° In particular T(u) is a generalized surface of non-positive outward mean curvature. 

It should be remarked that the estimate (I8.2|) does not hold for non-homogeneous global solutions; 
see [Ton 

Proof of Lemma 18. 21 Suppose the statement of the lemma fails, then there is a maximizing 
sequence x J with the property that | Vu(x- 7 )| 2 — > A + eo > A. By zero-degree homogeneity of | Vn| 2 we 
may assume x- 7 are on the unit sphere. Also by sub-harmonicity of |Vn| 2 we assume that x J tend to 
the boundary of {u > 0} fl {x± > 0}. By Lemma 18. II the sequence x J cannot converge to either of the 
boundaries (free or fixed). Hence it converges to the "corner" -points {xi = X2 = 0, \x\ = 1}. 

Let rj = dist(x- ? ,r U II), then we have three different possibilities: 

Case 1 : rj ~ dist(x J ,r) « x\, Case 2 : r j = o{x 3 l ), Case 3 : rj = o(dist(x J , T)). 

We shall see that all these cases will result into a contradiction. 

Case 1: Let x 3 be the closest corner point on the n — 2 dimensional unit sphere, i.e. x 3 G {x\ = 
X2 = 0, \x\ = 1} = §> n ~ 2 , in first case, and in the other two cases the closest point on the boundary to 
x J (we again assume this close point is on the unit sphere). 



30 A. L. KARAKHANYAN AND H. SHAHGHOLIAN 

Now let dj = \x 3 — x 3 \ and scale n at x 3 with dj, 



Uj(x) 



u{x 3 + djx) 
dj 



Note that dj ~ rj ~ x\ translates to Uj as follows; there is y 3 £ §",2/3 = • • • = 2/n = such that 
« dist(y 3 ,T(uj)) « 1 and 

(8.4) lim iVttjCyOl 2 = A + e . 

Clearly n^ should be considered in a new domain, which is a scaled version of the support of n at 
x, 3 and it contains supp^s- In the two other cases below the support of Uj converges to a half space. 

Next we see that in all cases Uj converges to a limit function no (at least for a subsequence) with 
further property that |Vuo(y°)| 2 = A + eo (here y° = lim y 3 , again for a subsequence). In particular, 
and by construction, |Vno(;r)| 2 takes maximum at y°, an interior point to the support of uq. Hence by 
the strong maximum principle it must be constant, and therefore |V«o(a;)| 2 = A + £0 in the support 
of no- This in turn implies no is linear. But no is a global minimizer, hence |Vno| 2 = A in suppno 
which in contradiction with (|8.4p . 

Case 2: Let Uj(x) = ^ r ■ We proceed as in Case 1 and extract a subsequence for which 
Uj — > uq and no is global minimizer. Furthermore (I8.4p holds with y° = limy 3 but in this case 
y° £ r(no),?/3 = ' ' ' = Vn = 0- This implies that |Vno(n°)| 2 = A + sq which is in contradiction with 

Now, in the first two cases, the free boundary is present (due to the length of scale rj). In first case, 
we obtain a global minimizer in Wl with boundary data as before. At the same time we have no is 
linear, which results into the fact that no is one of the functions vl,vs- But then this contradicts the 
fact that |Vn | 2 = A + e . 

Case 3: Now the last case gives us scaling with center at the fixed boundary. Here we use both 
the small and the large solutions to bound the scaled function. Indeed, for x, 3 being the projection of 
x 3 onto n, we have 

. . n(r,-x + x 3 ) — u(x 3 ) uirjX + x 3 ) — a+xi, 
Ujix) = — - = 

and hence the scaled versions of vs and vl at x 3 satisfy 



(v S )j < Uj < (v L )j. 
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Hence the blow-up limits keep the order 

(8.5) v s = (vs) <u < (v L ) = v L . 

Now as before we have |Vtto| 2 = A + £q, and this is impossible due to (|8.5p . and the fact that 
|V^| 2 = |V^| 2 = A. 

Now we turn to the proof of the second statement of Lemma [8. 2\ namely that T(uq) is a generalised 
surface of nonpositive outward mean curvature. Let S C <9 re( j{u > 0} be a portion of free boundary of 
u and S' a small perturbation of S such that S' C {u > 0} and dS = dS'. Then 

H n ~ 1 (S) < H n -\S') 

i.e. d {C &{u > 0} is a generalized surface of non-positive outer mean curvature. Notice that by Lemma 
112.31 d{u > 0} has finite perimeter in B\. Thus H n ~ l {S) < oo. 

To prove this we take the domains G, Go such that dG = SU S' and G C Go C WL- Then we have 

(8.6) 0= Au= [ d v u+ d v u. 

Jg Js Js' 

On S we have that d u u(x) = |V«(sc)| = vA, for H n ~ 1 -a.e. x G T(u) D Go |ACj . whereas on S' , 
|Vu| < y/X by (|8.2p . Comparing the integrals over S and S' we get that 

y/Xn^Hs) = f d v u = - f d v u< yfXu n ~ l {s'). 

Js J,S' 

After canceling yA the result follows. 

□ 

8.2. Preliminary Lemmas. Suppose that u is a third global homogeneous solution, which by Section 
17.11 satisfies vs < u < vl- In particular the free boundary T u lies in between the planes T$, and T^. 

We first need a lemma that shows that free boundary is locally a graph. 

Proposition 8.3. Let u be a global homogeneous minimizer and T(u) touches tangentially the free 
boundary of vj_,, at some point x° = (0,0, x®, ■ ■ ■ ,x^) with \x°\ = 1. Then in a small neighborhood 
of x° the free boundary V(u) is a G 1 graph in the direction normal to Tl in the upper half plane. 
Moreover the normal vector to T(n) is continuous up to the point x°, and hence by homogeneity this 
holds on the axis tx° (t > 0). 
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Let IIo = {x G M. n : x\ = X2 = 0} and x° G IIo \ {0} be any given free boundary point close enough 
to IIo. Let further x° be the projection of x° onto Tl. Then by tangential touch between the free 
boundary V(u) and Tl (which is a flat plane) one has that \x° — x \ = o^x®). In particular for tq = x®, 
sufficiently small, we have that, in the ball B ro (xo), the free boundary T(u) is flat enough to satisfy the 
hypothesis of Theorem 8.1 in |ACj . In particular, in the direction of the plane the free boundary 
is a C 1 graph locally in B^o (xq). Prom here it follows that r(n), seen from the plane Ti, is C 1 graph 

4 

over n Bzo(xn). 

8 

It is now elementary to show that the normal of T(u) is continuous up to the point x°. Indeed, if 
this fails, then there is a sequence x 3 on the free boundary with normal v 3 staying uniformly away 
from the normal v L of Tl, \v° — v l \ > £o > 0. Scaling u at x 3 with rj = dist (x 3 ,Tl) we have a 
limit global minimizer in M n (observe that this is due to tangential touch). On the other hand the 
free boundary will then become a plane, on one side of a scaled version of the plane Tl, but with the 
normal at the origin being u°, with \u° — v L \ > Eq > 0. This is impossible. □ 

Lemma 8.4. Let u S HVoo^u = d{u > 0}. Ifu> 0,a_ = thenT u does not touch Tl tangentially. 

Proof: We argue towards a contradiction. Let x° be a point where the free boundaries touch each 
other. We consider two possible locations: in first x\ > and then x\ = 0. 

Case 1: Let us suppose that T u touches Tl at x° and x® > 0. To conclude that this is a contradiction 
we use the free boundary condition and Hopf lemma. Notice that in order to use Hopf 's lemma, we 
need (at least C 1,Dini ) regularity of T u near x°. 

It follows from the one side flatness, and classical regularity result of Theorem 8.1. in |ACj . Then 
we can apply Hopf's maximum principle to infer 

^^(x°) > 0. 
av 

which is a contradiction in view of the tangential touch condition. 

Case 2: We first choose a new coordinates system such that in new coordinates y = (yi,V2, ■ ■ ■ , Un) 
we have = {y G M n : y n = 0, y n ~i > 0} and {u > 0} C {y G R n : y n < 0}. Now let us assume that 
T M touches the free boundary of the larger solution vl at y° ^ and y\ = 0. Then by Proposition 18.31 
the free boundary is locally a smooth graph, seen from the plane T^. In particular near y°, the free 
boundary can be represented as y n = h(y'), y' = (y±,y2, ■ ■ ■ ,Vn-i) and that h is a subsolution to the 
minimal surface equation in the weak sense. 
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Indeed, let M™ -1 = {y G R n : y n = 0,y n ~i > 0} and B C R™" 1 be a ball touching dW 1 ^ 1 at y°. 
Then by Lemma 18.21 2° the surface area functional will increase, if we replace h by h e = h + e<p for 
any tp G C^°(B), <p < and e > is small. This comparison yields 

Tth(y') = div ( - Dh ^ y ^> = ) > o weakly in 



Thus we have 



Wh(y') > in B, 

%') < in B, 

h(y°) = y° G 95. 



By Hopf's principle 



> 



n-l 



which is in contradiction with the tangential touch of T u and . □ 

From Lemma 18.41 we know that T(u) cannot touch T^. Using this observation we can construct 
yet another global minimizer u such that it is two dimensional and distinct from vl and vs- This, 
however, will contradict Proposition 17.21 and the proof of Theorem C will finish. 

Thus to complete the proof of Theorem C we need to construct u. This is done by the next lemma. 

Lemma 8.5. Let Y e = {x G R" : X2 < — (7 — e)^i} for small e > 0. IfY e c{u = 0} then there is a 
two dimensional global solution u which is distinct from vl and vs- 

Proof: Suppose V e C {u = 0} for some e > 0. Then we can construct a global solution u such that 
u > u, u is two dimensional and T(u) C R™ \ Y e . 

For r > fixed and x G B^~, we put g r (x) = snp{u(x + £T),T £l,/6 § n ~ 2 } where 



jn-2 



(0,0 1 £ 3 ,...,£ n ),£j + £l + ...£ 2 n = l}. 



Let w G V r (n, X±,a + ,0, g r ), i.e. w is a local minimizer of J(-,£> r t) with u; = g r on dB+ see 
Remark ll.2i From Lemma 17.11 we infer that u r = sup w is a local minimizer and u r > w for any 
iu G V r (n, X±, a + , 0, <7 r ). In particular u r > u in 

Taking 7j — >■ 00, we have from Proposition 14.31 that there is a subsequence rj k such that u Tk . uq 
locally in H 1 and C° and uq G "Poo- Because V r {n, X±, a_|_, 0, g r ) is translation invariant for each 
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I E S n_1 , it follows that uq is two dimensional solution. The condition Y e C {u = 0} translates to uq 
and we get that T{uq) C WL \ V e . Furthermore 

no > u. 

Since vl and vs are the only two dimensional homogeneous global solutions, we conclude that e = 0, 
see Proposition 17.21 □ 

Remark 8.6. It is noteworthy that the classification of global homogeneous solutions for the two-phase 
case would have been available if one already knew that the free boundary is regular. Indeed, if we a 
priori know that the free boundary is regular, then one can apply maximum principle to | Vu + 1 2 in the 
set {u > 0}, and find out that the maximum must be on the boundary (either free or fixed). Actually, 
an argument similar to that of the proof of Lemma \8.2[ would then result in the fact that maximum is 
exactly on the boundary. 

Suppose now the maximum is on the free boundary. Then at such a maximum point x° (which is 
a maximum point for both |Vu + | 2 due to Bernoulli boundary condition |Vu + | 2 = A + \Vu~\ 2 ) one 
gets that d y \ Vu + (x°)| 2 < 0, where v is the unit normal pointing inwards support of u + . From here 
along with a possible regularity of free boundary it follows that 2u^u^ u (x°) < 0, which along with 
u t( x °) > gives that u^ u (x°) < 0. By representation of Laplacian on the free boundary we get 
= Au + = Asu + + Hu^ + u^ v , and since A$u + = 0, u^(x°) > 0, and n^(x°) < we arrive at 
H(x°) > 0. A similar argument applied to u~ gives us the converse H(x°) < 0, and we shall have a 
contradiction, unless \Vu\ is constant. 

Next suppose the maximum for |Vn + | 2 is on the fixed boundary x° £ {x\ = 0}. Then we have by a 
similar argument ui(x )un(x°) < 0. Now with a representation of the Laplacian on {x\ = 0} along 
with linearity of the boundary data we have = Hu\ + u\\ . Since the fixed boundary is a flat surface 
we have H = 0, and hence u\\ = on the fixed boundary. This contradicts ui(x°)un(x°) < 0. 

9. Proof of Theorem D 

Now we are ready to produce the proof of Theorem D, exhibiting the non-tangential behavior of 
the free boundary. 
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Non-uniform approach. Take u G V\{n, X±, a+, 0, g) and let no be a blow-up of u at the origin. 
Then by Propositions 14.51 and 14.61 un G HVoo- From Theorem C, uq is either vs or v^. Suppose that 
uo = vs- Let us consider the cone 

K+ : = Lr" x 2 >0, — <^ < 



7 + a 7 — a 

for small a > (cf. ()3.4p ). Then we claim that for each a > there exist a r CT > such that for any 
r G (0, r a ), the following holds 

(9.1) T(u)cB+f]K+. 

This would suffice to conclude the tangential touch, since the modulus of continuity can be con- 
structed by inverting the relation a — > r a . 

Suppose (|9.ip fails. Then there is a sequence of free boundary points x 3 G r(u),|a; J | — > 0, u G 
"Pi(n, A-t, a + , 0, 5) such that x 3 g" -fT+ for some fixed a > 0. 

Set rj = |x J '| and consider the limit of the sequence Uj(x) = u( " r J x ^ . In view of Theorem A, uj 7 s 
are bounded and therefore by Proposition 14.11 and Theorem B for a subsequence Uj m — > uq G HVoo- 
Moreover the sequence of points y 3 = x 3 /\x 3 \ G dB^ is such that y J G" and again by compactness 
this leads to the existence of y° G dB^ \ such that uo(y°) = 0. 

From monotonicity formula of Weiss, Proposition 14. 61 one can also show that uq G HVoo (see Section 
14. 3p and hence we can invoke Theorem C to conclude that no is vs- This contradicts the fact that 
y° G dBf \ K+, and the proof of the first part is completed. The case when no = vl is treated 
analogously. 

Uniform approach. To show the uniformity in the second statement of Theorem D, we shall argue 
in the same way as above, but let u change during the scaling. In other words we define Vj(x) = Uj ^ jX * > 
with Uj G V\ (n, X±, a + , 0, g), i.e. lim W(r, uj, 0) = W(l, v$, 0). As above the scaled functions will 
converge to a global solution vq, but vq is not necessarily homogeneous, and this is the only difference 
between the two cases. 

Nevertheless, the assumption that lim W(r, Uj, 0) = W(0 + ,Uj,0) = W(l,vs,0) for fixed j implies 
that W(trj, Uj ,0) = W(l, Uj ^ x) , 0) = W(t,Vj,0) > W(l,v s ,0) by monotonicity of W (see Proposi- 
tion [5]6]) and after having sent t to zero. This yields 



W(t,v ,0) = lim W(tr h u h 0) = lim W{t, Vj ,0) > W(l,v s ,0), 

rj->0 rj— >0 
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where vq is the global limit of a subsequence of Vj . The first inequality follows from strong convergence 
of X7vj in I? , since Vi>j is a bounded sequence in L°° and hence we can apply Theorem 1 from [Zj and 
Proposition 14.51 to a suitable subsequence {r'A C {rj}. 

Next, the blow-down of vq, at infinity, i.e. consider the scaling vo(rx)/r with r — > oo which results 
in a new homogeneous global solutions i>oo- From monotonicity formula, Proposition 14.61 we have 

W(l,v s , 0) < W(t, v ,0) < W(po, v , 0) = W(l, v 00 ,0). 

Since vqq is homogeneous, we can apply Theorem C to conclude vqq is either vl, or vs. By the energy 
comparison (|7.4p we should then have vqq = vs- Therefore W(t, vq,0) = W(l,vs,0) for any t > 
hence vq is homogeneous by Proposition 14.61 Now, as in the previous case, contradiction comes from 
the fact that y° £ dB+ \K+. □ 



10. Proof of Theorem E 

10.1. Instability. The problem studied in this paper is highly unstable in the sense that changing the 
boundary data, no matter how small, may result in a different behavior of the touch between the free 
and the fixed boundary. This behavior was already alluded in Theorem D, where we could not prove 
uniform behavior for solutions that touch tangentially T(vl), at the same time that the uniformity 
worked well for the class V' r (n, \±, a±, g). 

To illustrate this phenomenon, take ct_ = and consider the largest homogeneous global solution vl 
as in Theorem C. Consider now the minimization problem in the upper half ball using the restriction 
of suitably scaled on the boundary of as boundary data. Now we know that the function itself 
is a minimizer. Next let us decrease the data on the plane IT to (a+ — s)x^ . A minimizer u £ of the 
functional with this boundary value on IT will exists, say take the smallest minimizer with boundary 
values u £ < on Sf, so that u e < vl. In particular this means that the free boundary for this 
minimizer will not touch the origin. Indeed, if it touches the origin then we can blow up u e at the 
origin, since by Theorem A u £ has linear growth at the origin, and obtain a global minimizer Uq, with 
data (a + — e)x2 on IT. 

Now from the classification of the homogeneous global solutions, Theorem C, we must have that 
Uq < vl, and thus u £ q = v% in Bf. 
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Figure 3. The free boundary of u £ 



This means that the free boundary cannot touch the origin, for any e > 0. In particular, by Theorem 
5.1 in [KKSj . we must have that it touches the fixed boundary tangentially at some point x° with 
xg < 0. 

10.2. Non-homogeneous global solutions. In this section we show the existence of a global solu- 
tion which is non- homogeneous. We follow a perturbation method used in |ASj . 

Let a_ = 0, < a+ < 1, A = 1 and set f £ = (a+ — e)x^". Now consider a minimizer of our functional 
in Bf, with admissible functions having boundary data f £ on II and (a+ — e)(— r yx\ + X2) + on 



where 7 = ./-k — 1. 



Let 7 e = J j~p ~ 1 then from Theorem C v £ L = (aq_ — e){— J e x 2 + ^i) + is the largest global 
homogeneous solution with boundary values f £ on II. Notice that 7 £ > 7, f £ < a+x^ implying that 
Vl > {a + — e)(— 7^2 + x i) + ° n &t ■ Consider the class of local minimizers 

/C e = {u G H 1 (B^),u = (q + — e)(— 7x1 + X2) + on dS±,u is a local minimizer of J}. 

Then from the results of Section [7] n £ = inf u is a minimizer. Furthermore u £ < min( , u e ,u^) < f^. 

For e fixed, any blow-up of u £ at origin is a homogeneous global solution Mq, which in view of the 
inequality u £ < vl, implies Uq < vj_,. Now Uq is a global homogeneous solution with boundary data 
f £ , and hence it must equal to one of the functions (a+ — e)(±j £ X2 + x\) + . The only way for Uq to 
be as above and satisfy 

u £ <v L = a+(-7x 2 + xi) + 
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is that v,q = (a+ — s)('~fe x 2 — x i) + = v £ s . This in turn suggests that the free boundary T(u £ ) starts at 
the origin with a tangential touch to r„|, the smallest global solution with boundary data f £ . Since 
the free boundary divides Bf into two parts, it has to end on Sf, see Figure 3. In particular T(u £ ) 
cuts the xi-axis at some point x £ = (r e ,0). Now we consider the blow up of u £ with respect to r E . 
Observe that r e — > and thereby, utilizing Proposition 14.51 and choosing a suitable subsequence, we 
obtain a global solution uq with boundary data a+X2 and with T(uq) B (1,0) = limx e /r e . it follows 
from Theorem C that this solution cannot be homogeneous. 

Remark 10.1. It should be remarked that in the above example of non-homogeneous global solutions, 
we have \Vu\ 2 ^ A. Indeed, if this was true, then one may apply maximum principle to |Vu| 2 
in {u > 0} and obtain a maximum on the free boundary (the free boundary is regular in 2-space 
dimension). Hence, by Hopf's lemma one obtains d u \Vu\ 2 > 0, where v is the unit normal on the 
free boundary pointing outside the support of u. In particular u u u uv > 0. Since u u = |Vu| = \f~&. 
we will have u vv > on the free boundary. Using representation of Laplacian on the free boundary 
Au = Asu+Hu u +u uu , where H is the mean curvature, we conclude the convexity of the free boundary. 
This contradict the geometry of the example above. 

11. Appendix 1 

In this section we prove that any blow up limit of u G V r is homogeneous function of degree one. 
The case when g = immediately follows from [W| . Section 2. When g ^ some extra care is needed, 
because the comparison of u with its homogeneous extension ut(x) = ^u(tn) in fails on the flat 
portion of the boundary, i.e. u(x) ^ v>t(x) when x G II n B t . 

To fix the ideas we consider the model case g(x) = C\x\ 1+K with k > and C = const. Since 
p~ 1 g{px) — > as p I it follows that u and v = u — g have the same blowups at the origin. 

Lemma 11.1. Let u G V r (n, \±,a±, g). Set v = u — g where g{x) = C|x| 1+K , k > 0. Then 
is nondecresing function oft. Furthermore 

(11-1) f |V«| 2 +Axi„>- fl >--^ f v 2 + %A 

V ' dt\t n J B + l ' X{V> 91 P+l J dB + K J 

> — / (Vv-u - -Y . 
~t n J dB +\ t) 
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Proof: Let ip £ (£>+), r 6 (0, 1) and let us define v = u — g,Vip = u + p — g in Bf. Then 
J(u) < J(u + ip) transforms into J(v + g) < J{v v + g). Employing Green's identity we obtain 



13 ,. 



\v4 



Wv\' A + 2 I VvVg+ I \Vg[ 

I B+ JB+ 



f + \Vv\ 2 - v(2Ag) + 2 f v(Vg ■ u) + f \Vgf 



Utilizing this computation and the fact v ip — v = Hq(B^) we see that if it is a minimizer of J(u, B^. 
subject to its own boundary values on dB^~ , then v is a minimizer of 



(11.2) 



J(v) 



13 ,- 



\Vv\ 2 -v{2Ag) + A X{v> - g} , 



because 2 f dB + w(S7 g • v) + f B + |Vg| 2 is constant for any w € H l (B+), w\ dB + = v\ dB +. 

Thus it remains to prove that any blow up limit of v at the origin is a homogeneous function of 
degree one. 

Let t > be small and take vt(x) = - — -v(t- — -), then on dBt vt agrees with v and it follows 

t \x\ 

J(v) < J(vt). Using the homogeneity of Vt and the identities 

VvAx) = — — :v(t-, — r) + S7v(t—) - Vv(t—) ■ r-rr-r, 

tnp rp rp rp rp rp 



\Vv t 



t- 2 v 2 (t^) + 



Vv(t 



X 



Vv(t 



X , X 



X X 



one can easily compute 



/ + l V ^! 2 + A X{v t >-g} = 
J B+ JE 



— : — rf (r-: — r) + Vv(t — ) - Vv(t — ) • — — 

try* np rp rp rp rp 



+ A X{v t >-g} 



JdB+ 



t- 2 v 2 {t^-) + 

' \x\ 



n 



\Vv\ 2 + 



dBt 



t 

n JdBj 



Vv(t 



t 2 



X 



I X ^ X 

Vv(t—) ■ — 
\x\ \x\ 



+ A X{v t >-g} 



(Vu • vf 



+ / Ax{« t >_ fl }. 



To deal with the last integral, we first notice that {vt(x) > —g(x)} C {^(ijfj) > —Ct 1+K }. Indeed 
if x e {v t (x) > -g{x)} then ^v(t^) > -C|x| 1+K , or equivalently v(t-&) > -Ct\x\ K . But \x\ < t 
since x G Bf . Thus — Ct|x| K > — Ct 1+K = —g(t). In particular we get that f B + A X{v t >-g} — 
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J B + Ax{v(t^ 1 )>~g(t)} which, after applying Fubini's theorem, yields 

t \ x \ 



A.X{v(t^)>-g(t)} = ~ I ^ ^X{v>~g} 



n JdB 



Next we notice that if w E H l {B^) and |u>(:c)| < C|x|,x G then J B + w(2Ag) 
some tame constant C\. Therefore comparing the J energies in , we get 



< Cit n+K with 



(11.3) 



< J{v t ) - J{v) 
t 



< 



\Vv\ 2 + AX{v>-g} + - 

n.l dB + nj 9B j 



r- 



(Vv ■ vf 



- f + \Vv\ 2 + A X{v> „ g} + C 1 f' 

<-/ |V«| 2 + Ax { „>_ s} - / |Vt;| 2 + Ax{v>- 9 } 
nJ d B+ 1 * Jb+ 1 1 



+ - 



t 

n JdB 



r 1 



(Vv • vf 



+ dt n+K 



t n+1 d \ 1 
n dt 

t 



Multiplying both sides by n we conclude 



n.2 2t 


r v _ 


Vv 


V 




JdB+ t 2 


V 


' n 




t\ 



+ dt n+K . 



t n+l 



dB? 



> 



t" 



Vv ■ v 



□ 



Remark 11.2. This argument shows that g can be replaced by any homogeneous polynomial or function 
of degree m > 1 . 



Corollary 11.3. Let v be as in Lemma \ll.l\ Then any blow up limit ofv at the origin is homogeneous 
of defree one. In particular any blow up of u is homogeneous of degree one. 
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Proof: The first statement follows exactly as in |W| . Section 2. To show that the blow up of u is 
homogeneous we need to notice that g{rx)r~ l — > uniformly as r — > 0. Hence the blow ups of u and 
v coincide. 

12. Appendix 2 
We shall discuss the rectifiablity of the free boundary in B\. 

Lemma 12.1. Let u be a global homogeneous minimizer and T(u) touches tangentially the free bound- 
ary of vl, then u is nondegenerate, i.e. there is a tame constant c > such that for any x £T(u) the 
following estimate is true 

(12.1) sup u > cr, MB r (x) C K". 

B+(x) 

Remark 12.2. In [AC] . a different form of nondegeneracy is proven (see Lemma 3.4 in |AC] ). namely 

u > cr, x £ d{u > 0}. 



ldB r {x) 

This integral inequality implies that there is y G dB r .(x) such that u(y) > cr. But u is subharmonic, 
therefore sup^^.) u > cr. 

Proof: Let x G d{u > 0} and set 5(x) = dist(x,n). If 5{x) > r then B r {x) C M™. Taking 
u r (y) = u y xJrTy i ; y g B\ and employing Lemma 18.21 2° we see that u r is a local minimizer. Hence from 
remark Tl 2. 2 1 we obtain sup Bl u r > c, which after scaling back implies the desired result. 

Now assume that 5{x) < r. We consider two possible scenarios: 
Case a) < 6(x). Then using Remark 112.21 in Bs^ x )(x) we get 

c5(x) cr 
sup u > sup u > — - — > 



fl.w " 2 " 2000 



Case b) 5(x) < j^qq- Let R(x) = dist(x,Ho), where Hq = {x £ W 1 : xi = x<i = 0.} and take 
xq G Ho such that R(x) = \x — xq\. Notice that R{x) ~ 5{x), because T(u) touches Tl tangentially. 
This means that there are two positive constants a, b such that aR(x) < 5(x) < bR(x) if x is close to 
n (see definitions of the cones K a ). We have r > 1000<5(x) > aWOOR(x) yielding R(x) < al r Q0Q ■ In 
particular 
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Observing that B^(xq) C B^{x) we get 



cr 

sup u > sup u > sup us > cp > . 

B+(x) B+(x ) B+(x ) 1000 



□ 



Lemma 12.3. Let u be as in Lemma \l2.1\ Then 

n n - l {B x ^d{u > o}) < oo. 

Proof: For each open ball B r {x) C R n let B+{x) = B r (x) n R™ . Introduce the measure \i = Au. 
Clearly fj, is nonnegative Radon measure, because f B +r x \ H = Jqb + ( x ) ^ u ' u — Cr n ~ l . Hence for any 
compact D C R n we can cover D n R" by a finite number of balls, which yields fi(D n R5.) < oo. 



Next we want to show that there is a positive constant cq such that for each x G B^ n T(u) we have 

(12.2) / n > cor" 1 ' 1 if r > is small. 

From (|12.2J) one can conclude the proof of Lemma by employing a standard covering argument. 
First we note that by Lemma 112. II it is nondegenerate, that is there is a constant c > such that 

(12.3) sup u > cr, Vx G B+ n T(u) 

B+(x) 

for small r > 0. 

Now suppose that (|12.2p fails. Then there is a sequence of free boundary points Xj G T(u) and a 
sequence of positive numbers rj > such that 



/• r- 

(12.4) f /x < ^~ 

JBrixA J 



<B r] {x 3 ) 

First, let us suppose that there is a subsequence ?"j( m ) such that -B rj ( m ) n Ilo 7^ 0. Let x® G Ilo 
and dist(xj,Ilo) = \xj — x®\. Then consider v m (x) = "for^" 1 ) 1 ) ; x g F rom Proposition 14.51 and 
Lemma [52] we get v mk — > t>o,Mm fc — ^ ^0 where [i mk = Av mk and Av = fx , at least for a subsequence 
mfc, and is a local minimizer. Moreover (|12.4p translates to 

^0 = 

for some y° G T^, i.e. t>o is harmonic in Bf(y°). From the strong maximum principle we conclude 
v = which is in contradiction with nonged6iier£icy of 

and vq. 
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Finally let us assume that B r .(xj) H LTo = for any j. Denote 5j = dist (xj,U). From tangential 
touch of T(u) and Tl it follows that aRj < 5j < bRj, where Rj = dist(xj,Tlo). Thus we have rj < Rj. 
If, moreover, rj > 5j then applying Theorem 4.3 [ACj to "( x i+ r J x ) we w [\l conclude a contradiction if 
j is large enough. 

Thus without loss of generality we may assume that 5j < rj < Rj. Introduce Wj(y) = u( - x ^ +s i ) ; y ^ 
B\ then 



'B t { Xj y JB r+ { X] ) J ja n 

i 



JBaAxA JB 



Hence for Auij = fij we have f B fij < . ~i ■ On the other hand sup Bl Wj > c. Extracting a subse- 

1 3 a 2 

quence for which Wj — > wq, Aujj Awq in B\ at least for a subsequence, where wq is a local minimizer 

in B\, see Proposition 14.51 But Awj < - a n_i — > 0. Thus wq > is harmonic and nondegenerate 

in B\ and Wq(0) = 0. Hence by strong maximum principle u>o = which is in contradiction with 

sup Bl Wq > c. □ 
i 
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